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The  intention  of  this  work  is  to  examine  theoretical 

+ 

conditions  of  steady  state  K  kinetics  in  a  whole  animal 
with  an  attempt  to  include  quantitative  as  well  as 
qualitative  considerations.  Experimental,  calculated, 
and  when  necessary,  estimated  data  are  combined  into  a 
significantly  complete  model. 

This  model  consists  of  several  interconnecting 
compartments  representing  volumes  of  distribution  of 
K.  The  exchange  of  K  between  compartments  is  related  by 
a  series  of  differential  equations.  An  analogue  computer 
is  then  used  to  combine  the  equations  and  draw  a  theoretical 
time-concentration  curve  which  may  be  compared  to  an 
experimentally  found  time-concentration  curve.  The 
computer  merely  provides  a  means  for  manipulation  and 
visualization  of  otherwise  rather  cumbersome  equations. 

This  method  may  give  a  partial  check  to  the  theoretical 
conditions  proposed,  if  the  results  from  the  model  agree 
with  the  experimental  ones.  As  the  computer  is  more 
flexible  than  a  real  animal,  one  may  also  attempt  to 
predict  what  would  happen  in  untested  situations  such  as 
changing  blood  flows  or  rate  constants  for  K  transfer  in 
different  compartments.  The  model  may  also  be  able  to 
point  to  specific  gaps  in  experimental  data  which  are 
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necessary  to  understand  K  distribution,  and  thereby  suggest 
meaningful  experiments.  This  is  perhaps  the  greatest 
value  of  this  method  of  systems  analysis--to  serve  not 

as  an  end  in  itself,  but  as  an  aid  to  further  experimentation. 

42 

K  is  known  to  disappear  very  rapidly  from  arterial 
plasma  after  venous  injection  into  whole  animals.  More 
than  90%  is  removed  within  one  minute  after  injection  in 
dogs(25)  and  rabbits(37).  Black(2)  injected  into 

humans  and  found  the  plasma  contained  5%  of  the  initial 
amount  at  two  minutes  and  less  than  1%  at  5  minutes.  The 
rate  of  disappearance  of  K^2  was  compared  to  that  of  other 
ions  and  found  to  be  1^-2  times  that  for  D2O  and  4-6  times 
that  for  Na  x  (5,25,31).  A  proposed  reason  for  this  is 
that  the  large  intracellular  pool  of  K+  dilutes  the  tracer 
more  than  intracellular  H^O  or  Na+(31).  Code(5)  found 
injection  into  the  portal  vein  instead  of  a  peripheral 
vein  quickened  the  disapperarance  slightly.  Walker (37) 
found  evisceration  of  the  liver  did  not  change  his  slope 
significantly.  However,  in  spite  of  the  rapid  initial 
exchange,  the  final  equilibrium  of  j_s  slow--only  75-95% 

of  total  body  K+  is  exchangeable  in  48  hours. 

The  different  contributions  of  separate  organs  to 
the  disappearance  of  plasma  has  been  studied  by 

measuring  the  radioactivity  in  different  organs  at  some 
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time  after  injection.  Ginsburg ( 13 ) ,  working  with 
rats,  concluded  that  organs  could  be  separated  into 
rough  groups  according  to  their  rate  of  K  uptake 
during  the  first  few  minutes  after  injection:  organs 
with  fast  rates--kidney ;  intermediate  rates--liver ,  gut, 
skin;  slow  rates—muscle;  very  slow  rates — brain, 
erythrocytes,  bone.  His  results  agree  well  with  similar 
studies  on  rabbits (11 , 37) .  Corsa(7)  also  studied  rabbits, 
but  analyzed  organs  20-30  hours  after  injection,  finding 
equivalent  specific  activities  in  kidney,  liver,  muscle, 
and  heart,  and  lower  specific  activity  in  brain,  erythro¬ 
cytes  and  bone.  Black (2)  concluded  that  in  general 
distributes  in  tissues  according  to  blood  flow,  with  the 
exception  of  brain  and  erythrocytes  which  have  a  high 
blood  flow  and  nevertheless  a  low  uptake. 

The  above  studies  do  not  separate  the  influences 
of  blood  flow  and  cell  membrane  permeability.  The  rate 
of  exchange  of  K  across  the  cell  membrane  in  the  steady 
state  has  been  studied  by  isolated  cell  and  isolated 
organ  techniques.  Work  with  in  vitro  amphibian  muscle 
gave  the  exchange  rate  as  1.1  x  10-4  meq/gm/min ( 14 ) , 

1.7  x  10”4meq/gm/min ( 30 ) ,  or  9.0  x  10-^meq/cm2/min (38) . 

It  is  interesting  to  compare  this  to  the  cell  wall  ex¬ 
change  rate  for  the  plant,  Chara  australis ,  of 
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1. 2-3.0  x  10”7  meq/cm^/min.  These  in  vitro  values 

nave  a  variation  dependent  upon  temperature  and 

concentration  in  the  bathing  medium  Krebs (36)  obtained 

(K  exchanged) 

a  slow  in  vitro  turnover  rate  (K  in  tissue  )of  .035- 
.04  for  guinea  pig  brain  cortex  and  .07-.  10  for  retina. 

Conn  and  Robertson (6)  obtained  faster  exchange 
rates  in  an  in  vivo  study  of  the  myocardium  of  the  dog . 
They  adjusted  venous  infusion  of  K^2  so  that  a  constant 
arterial  concentration  was  maintained,  and  took  samples 
from  a  catheter  in  the  coronary  sinus.  A  multiexponential 
equation  was  fitted  to  the  time-concentration  curve  of 
the  coronary  sinus  blood.  From  the  constants  of  this 
equation  plus  values  of  interstitial  and  intracellular 
K  amounts,  they  were  able  to  calculate  rate  constants 
for  K  transfer  from  interstitial  to  intracellular 
f  luid  ( 1 . 95-4 . 53  min  ^)  and  from  intracellular  to  inter¬ 
stitial  f luid ( . 036- . 061  min~l) ,  and  the  amount  of  K 
exchanged  across  the  cell  membrane ( 3 . 05-5 . 00  x  10"^meq/gm 
of  left  ventricle/min . )  A  similar  study  of  brain(20) 
found  diffusion  in  brain  to  be  much  slower--6.0  x  10“^meq/ 
gm/rnin . 

The  use  of  compartmental  models  in  conjunction 
with  tracer  experiments  has  increased  in  recent  years. 

The  complete  mathematical  description  of  general  two 
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and  three  compartment  systems  has  been  developed ( 4 , 34 ) . 
Although  the  physiologic  concept  of  a  three  compartment 
system  is  simple,  the  calculated  solution  is  not. 

The  theory  of  expanding  a  compartmental  system  with  a 
computer  into  a  more  extensive  model  has  been  given (15 , 22) , 
as  well  as  a  hydrodynamic  model (39).  Robertson  and 
Cohn (32)  used  an  analogue  computer  to  represent  a  four 
compartment  model  for  strontium  and  calcium  metabolism 
in  man,  and  were  able  to  estimate  turnover  rates  by 
fitting  the  theoretical  curve  to  experimental  data. 

Pace (29)  developed  a  simple  analogue  computer  model 
for  study  of  water  and  electrolyte  flows  in  extra¬ 
cellular  fluids,  but  did  not  have  quantitative  constants 
or  specific  applications.  As  well  as  I  have  been 
able  to  determine,  no  quantitative  model  of  K  distri¬ 
bution  or  kinetics  has  been  proposed. 


DESCRIPTION  OF  THE  MODEL 

The  data  which  was  chosen  to  work  from  are  that 
provided  by  Walker  and  Wilde (37).  They  injected  about 
0.5ml  containing  0.15  meq  K^2  into  an  ear  vein  of 
anesthetized  rabbits  in  3-5  seconds,  then  took  frequent 
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lml.  carotid  artery  samples  and  analyzed  the  plasma 
for  K+  and  radioactivity.  Some  animals  were  killed  at 
2  minutes  after  injection  and  different  organ  samples 
were  weighed  and  analyzed  for  K+  and  radioactivity. 
This  work  was  selected  to  provide  the  basic  data  for 
the  model  because,  1) experimental  techniques  were 
acceptable , 2 )  the  amount  of  K^2  injected  was  small 
enough  not  to  disturb  the  steady  state  equilibrium  of 
the  animals--this  was  often  not  true  in  earlier  tracer 
experiments,  3)  it  gives  many  points  at  which  to 
compare  the  theoretical  model, in  the  form  of  an 
arterial  time-concentration  curve  and  several  tissue 
concentrations . 

As  stated  above,  the  model  consists  of  compart¬ 
ments  representing  different  volumes  of  distribution 
of  K  throughout  the  body.  The  compartments  used  and 
their  connections  are  diagramed  in  Fig.  1. 


terms 


Definition  of 
Compartments : 

a  = 

vein  = 
k 

v  = 

m  = 

r  = 


arterial  plasma; 
venous  plasma; 
kidney ; 

liver  and  gut; 

muscle  and  skin; 

remaining  tissue 
erythrocytes 


except  lungs  and 
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i.e.,  skeleton,  CNS ,  etc.  Lungs  and  erythrocytes 
are  not  included  in  any  compartment  due  to  their 
unique  blood  flow.  Their  omission  is  justified 

A  9 

because  of  their  small,  albeit  rapid,  uptake  of  K^- 
only  1.9  and  0.18%  of  the  total  at  2  minutes(37); 

x.i,  x.c  =  interstitial  and  cellular  compartments 

of  x;  x  refers  to  k,  v,  m,  or  r. 

Concentrations ( %  of  initial  venous  concentration): 

Ca,Cve^n  =  concentration  of  K42  j_n  a  and  vein; 

Qx.vein  =  concentration  of  K ^  m  the  venous 

plasma  leaving  x; 

Cvein.O  =  initial  concentration  of  K42  in  vein; 

Cy  C  =  concentration  of  K42  in  x.i  and  x.c. 

Quantities (%  of  initial  venous  concentration  times  ml.) 

QSf  Qvein ,  Qx.i /  Qx.c  =  quantity  of  K42  in  a, 

vein,  x.i,  and  x.c; 

Qx  =  Qx.i  +  Qx.c* 

Volumes (ml . ) : 

Note  that  the  volumes  are  really  volumes  of 

4  9  Qx. 

distribution  of  K  as  defined  by  Vx  =  Cx  . 

Va,  Vve;j_n,  Vx#j_,  Vx>c  =  volumes  of  distribution 
of  K42  in  a,  vein,  x.i  and  x.c. 
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Rate  constants (min  1) : 

k  •  =  rate  of  exchange  of  K  from  x.i  to  x.c; 

k  out  =  rate  of  exchange  of  K  from  x.c  to  x.i. 

The  rate  constants  are  the  reciprocal  of  the 
turnover  time  -  that  time  required  for  the  amount  of  a 
substance  transferred  into  or  out  of  a  compartment 
in  a  steady  state  to  be  equal  to  the  amount  present 
in  the  compartment. 

Blood  flows (ml/min) : 


F 

r  CO 

— 

cardiac 

output 

of  plasma 

Fx 

= 

flow  of 

plasma 

through  x. 

Briefly,  Fig.  1  indicates  that  is  injected  into 

the  venous  compartment,  is  carried  by  blood  flow  to  the 
arterial  compartment,  is  further  carried  through  each  of 
four  tissue  interstitial  compartments  and  returned  to  the 
venous  compartment.  Each  interstitial  space  may  give  to, 
or  receive  from,  its  corresponding  intracellular  compartment. 

Riggs (26)  defines  the  term,  compartment,  as  follows: 

"If  a  substance,  S,  is  present  in  a  biological  system  in 
several  distinguishable  forms  or  locations,  and  if  S 
passes  from  one  form  or  location  at  a  measurable  rate, 
then  each  form  or  location  constitutes  a  separate  compart¬ 


ment  for  S. 
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The  choice  of  compartments  is  always  a  simpli- 
cation  of  the  true  physiological  system,  dictated  by 
what  answers  are  sought,  known  constants,  and  limita¬ 
tions  of  technique  for  handling  too  large  a  number  of 
compartments.  Even  to  say  that  any  compartments  with 
discrete  boundaries  and  volumes  exist  in  an  animal 
may  not  be  strictly  true,  but  it  is  necessary  for  this 
type  of  analysis.  Although  the  compartments  are  given 
names  implying  exact  correspondance  to  actual  anatomic 
spaces  it  is  important  to  remember  that  the  correlation 
is  only  approximate.  In  this  model  the  venous  and 

arterial  systems  are  made  separate  in  order  to  be  able 
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to  examine  the  K  concentration  in  each.  Similarly, 
it  would  be  possible  to  have  separate  compartments  for 
inferior  and  superior  body  veins,  but  as  this  is  not 
useful,  it  is  not  done.  The  ISF  and  ICF  compartments 
are  limited  to  four  each  because  the  system  becomes 
more  cumbersome  with  more  and  the  computer  capacity 
becomes  limiting.  It  would,  of  course,  be  more  exact 
to  have  every  tissue  represented  by  a  separate  compart¬ 
ment  since  every  tissue  surely  has  unique  properties 
in  handling  K.  The  tissues  were  grouped  together 
according  to  similarities  in  rate  of  K^2  uptake  as 
measured  by  Walker  and  Wilde (37). 
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There  is  reason  to  think  that  the  ICF  compartments 
should  be  subdivided,  at  least  into  a  free,  or  rela¬ 
tively  easily  exchanged  K  space,  and  a  relatively 
bound  space(3,26).  But  as  no  data  are  available  as  to 
the  sizes  of  these  intracellular  spaces,  the  K 
concentrations,  or  properties  of  K-exchange,  it  would 
be  fruitless  to  include  them.  The  ICF  compartments 
therefore  represent  a  composite  of  several  spaces. 

An  important  necessary  assumption  at  this  point 
is  that  K  is  distributed  uniformly  throughout  each 
compartment  in  a  short  period  of  time  as  compared  to 
the  length  of  the  experiment.  This  assumption  will  be 
considered  for  each  compartment. 

The  model  assumes  that  the  injected  is 

instantaneously  equilibrated  in  Vveqn,  and  quickly 
thereafter  in  Va.  This  is  obviously  not  true--Walker 
and  Wilde (37)  show  a  circulation  hump  in  the  arterial 
plasma  at  about  45  sec.  and  2  min.  after  injection. 
However,  after  2  min.  their  arterial  curve  is  smooth. 
Labelled  cells  or  plasma  injected  into  man  finish  a 
rapid  mixing  phase  only  after  7-10  min.  (23).  Readily 
diffusible  ions  such  as  K  would  be  expected  to  mix 
faster,  and  mixing  should  be  faster  in  the  smaller 
rabbit;  nevertheless,  some  of  the  rapid  initial  decline 
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of  Walker  and  Wilde's  arterial  time-concentration 
curve  is  probably  due  to  plasma  mixing. 

The  mixing  of  the  interstitial  compartments 
is  more  likely  fast  and  complete  since  the  inter¬ 
stitial  space  is  fed  simultaneously  from  a  large 
capillary  surface;  however,  there  are  no  data  to 
prove  this. 

The  intracellular  compartments  may  equilibrate 
more  slowly;  only  75-95%  of  total  human  K  is  exchange 
able  in  40  hours ( 7 , 9 , 10 ) .  The  rest  would  presumably 
exchange  more  slowly. 

Other  assumptions  related  to  the  use  of  a  tracer 
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m  this  model  are  that  the  K  injected  is  treated  by 
the  body  exactly  like  and  that  the  load  is  so 

small  as  to  not  disturb  the  steady  state.  Also,  the 
half-life  of  the  tracer  is  long  in  comparison  to  the 
duration  of  the  experiment — K  has  a  half-life  of 

12 . 4hours ( 16 ) ,  and  no  correction  for  this  is  made; 
and  there  is  no  excretion--Walker  and  Wilde  found  0.3 
of  the  injected  dose  in  the  urine  at  2  minutes  and 
0.6%  in  the  feces. 

The  next  step  in  the  development  of  the  model 
is  a  description  of  the  time-concentration  curve  for 

A  O 

each  compartment  after  K  injection.  This  can  best 
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be  done  by  writing  equations  for  the  instantaneous 
rate  of  change  of  concentration  for  each  compartment 
and  then  integrating  the  equations  on  a  computer. 
Derivations  for  equations  for  the  10  compartments 
in  Fig.  1  are  given  below. 

Arterial  Compartment 

•  4  ? 

The  change  m  the  amount  of  K  m  a  equals 
the  amount  received  from  the  vein  minus  the  amount 
lost  from  a. 


F  c  •  -  F  C 

rcowein  r  co^a  ' 

Fco (cvein  “  * 


Assuming  Va  is  constant (  it  will  be  assumed  that  all 
volumes  remain  constant) ,  then 
va^Ca 

dt  —  Fco(Cvein  “  Ca)  , 
dC-.  Fro 

dt  =  (cvein  "  Ca)  . 

Cellular  Compartments 

.  4  o 

Since  the  is  mixed  with  the  normal  K  which 

is  moving  at  a  constant  rate  both  ways  across  the 
cell  membrance ,  the  j_s  carried  at  a  rate  directly 

proportional  to  its  fraction  of  total  K.  Since  j_s 

present  in  trace  amounts,  the  total  K  is  constant  and 
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and  K^2  exchanges  at  a  rate  proportional  to  the  amount 
present.  That  is, the  transfer  of  K^2  from  x.i  to  x.c 
is  proportional  to  Qx  ^  and  the  transfer  from  x.c  to 

x.c* 

da 


x.i  is  proportional  to  Q„  Therefore 


dt 

dC 

dt 


x .  c 


x .  c 


-  ^x.inQx.i  -  kx.outQx.c  , 

Vv,-i 

-  ^x.in(  V  )  cx.i  ^x.outcx.c. 

x,  •  a 


(2) 


Equation (2)  says  nothing  about  the  mechanism  of 
transfer  across  the  cell  membrane,  and  it  is  not 
valid  in  a  nonsteady  state  situation. 

Interstitial  Compartment 

4  2 

The  change  in  amount  of  K  in  the  interstitial 

compartment  equals  the  amount  received  from  the  arterial 

blood  flowing  to  it,  and  from  the  associated  cells,  minus 

that  lost  to  venous  blood  and  to  the  cells.  Therefore 

dQx . i  =  Fxca  +  ^x.outQx.c  "  Fxcx.vein  -  ^x.inQx.i' 
dt 

Because  Cx.vein  ^  Cveinr  it  is  necessary  to  assume  blood 
is  in  fast  equilibrium  with  interstitial  fluid,  so  that 
Cx.vein  =  cx.i*  Evidence  for  this  is  given  by  theoretical 
and  tracer  studies ( 2 , 37 , 4 0 ) .  Then 

^P.x^-i  =  FxCa  +  ^x . out^x .  c  “  Fx^x*i  “  ^x.inQx.i' 

dt 
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dCx.i 

dt 


Ex 


V 


Vx.i^a  _  Cx.i)  +  kx.out(vx#1 
~  1-x .  inCx .  i  • 


)  C 


x .  c 
(3) 


The  concentration  ratio  of  K  between  interstitial 
fluid  and  plasma  due  to  the  Donnan  effect  and  protein 
binding  is  estimated  at  0.94  by  VanLeeuween ( 3 6 ) .  The 
activity  coefficient  of  inorganic  ions  in  interstitial 
fluid  is  considered  to  be  .7  to  .8(36).  Both  these 
factors  are  ignored  in  this  model. 


Venous  Compartment 

The  change  in  amount  of  K^2  fn  vein  equals  the 
sum  of  the  amount  gained  from  each  tissue  minus  that 
lost  to  a. 

dQyein 

dt 


x=k,m/v,r 


r 


F  C  •  -  F  C 

rx^x.i  rcoWein' 


dCyein 

dt 


Ek  c  +Ev  c  .  ,  Em  c 

Vvein  *  k*1  vVein*  ^  Vvein*  m-1 


+ 


V 


vein 


C  _  CO  n 

*  ur  V  .  cvein. 
vein 


(4) 


Now  the  constants  in  equations ( 1 )-( 4 )  must  be 
estimated.  Unfortunately,  not  many  values  are  avail¬ 
able  for  rabbits,  and  v^'aues  for  other  animals  need 
to  be  used.  V  •  was  calculated  by  (total  body  wt.)  . 
(tissue  fraction  of  body  wt.)  •  (water  fraction  of 
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tissue  wt.)  •  (interstitial  fraction  of  tissue  water). 

3.5  kg  was  used  as  the  total  body  wt .  of  an  average 

rabbit.  Tissue  fraction  of  body  wt .  was  determined 

directly  by  Walker  and  Wilde (37)  on  their  sacrificed 

rabbits.  Water  fraction  of  tissue  wt .  was  taken  as 

V, 


0.61  to  0.78  as  quoted  for  rabbits  in  (1).  V 


X->.X 

X  .  c 


was 


taken  as  0.38  as  given  in  (18)  for  humans;  therefore 
interstitial  fraction  of  tissue  water  is  0.28.  Plasma 
volume  was  taken  as  3.7%  of  body  wt. (37) .  Arterial 
and  venous  plasma  are  each  arbitrarily  assumed  to  be 
50%  of  total  plasma. 

Blood  flows  were  computed  by  (tissue  wt . )  . 

(tissue  f low/min/wt . )  using  values  from  (1)  for 

tissue  flow  in  ml/min/lOOgm  in  humans. 

Whenever  possible  the  constants  were  also  derived 

from  other  sources  and  by  other  means  for  a  check  of 

accuracy,  and  the  results  were  consistent.  The  only 

remaining  constants  are  kx .  j_n  and  kx>out.  These  can 

be  determined  with  the  computer  by  adjusting  the 

theoretical  concentration  results  to  experimental  results 
kx.in 

if  the  ratio  kx>out  is  known.  At  equilibrium, 
dC 

dt  ~  0,  therefore,  from  equation(2): 
k,  • 


^x.inv^L  C  .  k 

X.C  X.l  K0UtCX, 


=  0 


IX^JLD. 


X.C- 


V 


X  .  c 


kx.out  cx.i  ‘  VX. 
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where  Cx>c/Cx>i  =  30/1  and  Vx>c/Vx#i  =  1/.38  for 

skeletal  muscle (18 , 38) .  Therefore  kv  • n  30 

kx.out  “-38  =  79- 

This  value  is  used  in  all  tissue  compartments. 

The  constants  are  summarized  in  Table  1. 


Table  1.  Volume  and  flow  constants  used  in 

equations  ( 1 ) — ( 4 )  for  Fig.  3a, 3b. 


X 

Vx.i (ml) 

Fx (ml/min) 

Fx  (min  1) 

Vx.i 

k 

3.6 

42. 

11.6 

V 

66. 

• 

i — 1 

LO 

.778 

m 

350. 

54. 

.154 

r 

75. 

36  . 

.472 

Total 

494 . 6 

183. 

Va  = 

65 .  ml 

Vvein 

=  65.  ml 

Fco  = 

183.  ml 

Total 

ECF  volume 

=  624.6 

Total 

ICF  volume 

-  1301. 
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PROGRAMMING  THE  MODEL 

The  next  step  in  constructing  the  model  is  the 

solving  of  the  ten  simultaneous  linear  differential 

equations--equations  ( 1 ) — ( 4 ) — which  describe  the  rate 

of  change  of  K^2  for  each  of  the  ten  compartments  of 

Fig.  1.  It  is  desired  to  solve  for  the  concentration 

in  any  compartment  at  any  time.  The  analogue  computer 

is  peculiarly  suited  to  find  this  solution.  The 

principles  and  symbols  used  will  be  explained  briefly 

below.  For  a  more  complete  explanation  of  the  circuits 

and  theory,  Strong's,  "A  Practical  Approach  to  Analogue 

Computers"  is  recommended (35) . 

The  computer  works  by  manipulation  of  voltages. 

For  this  model,  the  voltages  represent  concentrations 
4  9 

of  K  h  The  voltages  may  be  added,  multiplied  by  an 
adjustable  constant  or  by  themselves,  and  integrated. 
The  basic  component  is  the  amplifier,  which  is 
represented  by: 


It  performs  addition  of  input  voltages,  and  reversal 
of  the  sign  of  the  input.  E.g., 


- (x+y) 
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A  potentiometer  can  multiply  a  voltage  by  0  to  1 , and 

k  kx  .  Resistances 

-o — 


is  represented  by 


x 


may  be  added  to  an  input  voltage  and  serve  to  multiply 
by  powers  of  10.  E.g., 


An  integrator  is  simply  an  amplifier  with  a  feedback 
capacitor;  its  symbol  is: 


It  has  the  abilities  of  an  amplifier  as  well  as  ability 
to  perform  integration  of  the  input  voltage  with  respect 
to  time.  An  example  of  how  these  elements  are  combined 
is  provided  by  the  program  for  solution  of  equation (1), 
which  is  restated  below,  for  Ca : 
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The  entire  program  of  the  model  is  given  in  Fig.  2. 

The  model  is  now  complete  with  the  exception  of 
values  for  kx.-j_n  and  kx  out .  The  final  values  were 
approached  by  letting  every  kx>;j_n  be  the  same,  and 
adjusting  them  and  the  corresponding  kx<out  until 
the  Ca  curve  approximated  Walker  and  Wilde's  arterial 
time-concentration  curve.  The  closest  approximation 
was  with  kx>j_n  =  3.00min~l.  Next,  the  total  amount 
in  each  organ  group (Cx . pVx . p  +  Cx.cVx.c)  at  2.2minutes 
was  calculated  and  compared  to  the  values  found  by 
Walker  and  Wilde  by  sacrificing  the  rabbits  and  ana¬ 
lyzing  the  organs.  Then  kx>qn  and  kx>ou-|:  we  re  adjusted 
for  each  organ  to  try  to  better  match  the  experimental 
quantities.  The  final  values  for  the  rate  constants 
are  given  in  Table  2,  with  a  comparison  of  model  vs 
physiological  data. 

Figs.  3a  and  3b  give  all  the  time  concentration 
curves  of  the  completed  model.  Figs.  4a,  4b,  5a,  5b, 
and  6  are  drawn  from  the  same  computer  program,  but 
they  have  different  scales  for  ease  of  comparison  of 
concentrations  and  for  observing  the  concentrations 
over  longer  time  periods.  Potentiometer  and  resistance 
settings  for  all  graphs  are  given  in  Table  3. 

The  computer  used  was  a  Pace  TR-10.  The  output  of 
any  integrator  or  amplifier  can  be  read  at  any  time  on  a 
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digital  voltmeter  or  drawn  on  a  graph.  The  integra¬ 
tion  is  automatically  quickened  so  that  one  second  of 
machine  time  equals  one  minuted  of  real  time.  The 
accuracy  of  the  amplifiers  and  integrators  is  greatest 
when  the  output  is  between  1  and  10  or  -1  and  -10  volts. 
This  is  the  reason  some  of  the  outputs  in  Fig.  2  are 
adjusted  to  be  10  times  the  concentration.  Each  drawn 
graph  was  found  to  be  reproducible  within  less  than 
.05  inch  on  the  vertical  or  horizontal  scale. 

The  initial  conditions  are  set  by  putting  10  volts 
into  integrator  14.  This  represents  the  initial  venous 
concentration,  Cvein>0'  so  that  1  volt=  10%  Cvej_n>o* 

Until  integration  is  begun,  the  output  of  all  other 
integrators  is  zero.  When  the  integration  of  all  parts 
is  simultaneously  begun,  Cvej_n  falls  and  the  outputs  of 
the  other  integrators  rise  as  directed  by  the  program 
and  hence  by  equation  (l)-(4). 

The  model  gives  all  concentration  values  in  %Cve-j_n>o 
For  comparison,  Walker  and  Wilde's  curve,  which  is  in 
P  (counts/sec/ml  of  plasma,  divided  by  the  number  of 
counts  per  gram  of  body  wt.  injected  into  the  rabbit) , 
was  translated  into  the  same  units.  Their  initial  con¬ 
centration  was  taken  from  a  multiple  exponential  equation 
they  derived  to  fit  the  curve.  At  time  zero,  P*  = 
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for  the  entire  plasma  volume.  If  the  initial  amount 
were  distributed  only  in  the  venous  compartment,  as  is 
defined  for  the  model,  the  concentration  would  be 
P*  =  54.0.  Therefore  all  his  values  were  changed  to 
P*/54*100  which  is  per  cent  of  initial  venous  concen¬ 
tration.  Because  of  difficulty  in  defining  the  experi¬ 
mental  zero  point--the  point  corresponding  to  instantan- 
eous  distribution  of  K  in  the  model's  venous  compart- 
ment--the  two  curves  were  allowed  to  match  by  arbitrarily 
transposing  the  experimental  points  0.2  minutes  to  the 
right.  These  points  are  plotted  on  Fig.  7  and  compared 
with  the  theoretical  time-Ca  curve. 

DISCUSSION  OF  THE  MODEL 

The  relative  values  for  the  rate  constants  in 
Table  2  are:  k-210,  v-210,  m-7.5,  and  r-1.  It  did 
not  seem  justified  to  alter  the  rate  constants  more, 
and  it  may  be  argued  that  there  is  already  more  than 
reasonable  separation,  without  experimental  work  to 
suggest  it.  Nevertheless,  the  theoretical  and  experi¬ 
mental  2  minute  amounts  agree  poorly  for  m,  r,  and 
plasma.  However,  compartment  m  includes  skin  as  well 
as  muscle,  whereas  Walker  and  Wilde  did  not  analyze 
skin;  also,  as  will  be  shown  later,  the  2  minute 
concentrations  are  highly  dependent  on  blood  flow,  and 
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since  muscle  blood  flow  is  quite  variable,  a  flow 
variance  can  explain  the  discrepancy.  The  2  minute 
Ca  agrees  well  with  Walker  and  Wilde's  time-concentra¬ 
tion  curve,  but  poorly  with  their  recorded  amount  of 
4.6%,  implying  perhaps  an  inconsistency  in  their  work. 

It  was  found  while  trying  different  rate  constants, 
that  changing  kk>in,  kk#out,  kv.in,  kv.out'  i-ew  the 
rate  constants  for  compartments  with  high  blood  flow 
and  quick  uptake,  altered  predominantly  the  first  2 
minutes  of  the  Ca  curve.  Changing  km>j_n,  km.0ut, 
kr.in*  kr.out,  i.e.,  the  rate  constants  for  the  compart¬ 
ments  with  large  volume  but  slower  uptake,  altered 
predominantly  the  later  section  of  the  Ca  curve. 

Before  discussing  the  results  of  the  model  further, 

it  is  fitting  to  examine  the  validity  of  the  graph  as 

a  true  representation  of  the  stated  hypothesis  and  for 

plausibility  of  the  determined  rate  constants.  The 

total  amount  in  the  system  should  always  remain  constant. 

x=k , v ,m , r 

That  is,  Qa  +  Qvein  3  Qx  =  ^vein .  OVygin  =  6500 

( %Cvej_n  .  o )  . 

(ml)  at  any  time.  This  was  found  to  be  true  on  all 
graphs,  partially  validating  the  technique  of  the  graphs. 

Also,  since  the  model  assumes  intracellular  K  concentration 
is  the  same  in  all  cells,  all  Cx  c 


s  should  approach  the 
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same  value,  which  is  (total  amount  injected) / (total 

volume  of  ICF)  =  (6500  %Cvein  q  •  ml)/(1300ml)  =  5.0 

%Cvein.O'  assuming  that  no  significant  amount  of  K^2 

remains  in  interstitial  spaces.  This  is  seen  to  be 

the  case  in  Fig.  6  and  Table  4.  It  is  interesting 

.  4  2  . 

that  although  90%  of  the  injected  K  is  lost  from 
the  plasma  in  the  first  2  minutes,  final  equilibrium 
is  still  not  attained  and  is  being  slowly  approached 
as  late  as  5  hours  after  injection. 

The  steady  state  inward  flux  of  K  is  given  by 
k-x.in^x.iC  where  C  is  the  concentration  of  K  in 
interstitial  fluid.  If  kx>yn  =  3.00  min~l,  Vx . y  =  21ml 
per  100  gm.  of  tissue  weight (18)  and  C  =  4meq/l,  then 
K  exchange  across  the  cell  membrane  in  either  direction 
=  2.5  x  10“^meg/gm/min .  Since  kx>j_n  varies  in  the  model 
from  21  to  .1,  the  theoretical  flux  varies  from  1.75  *10-2 
to  2.5  •  10-4meq/gm/m;[n #  This  approximates  the  range  of 
values  found  experimentally ( 6 ,  30,  38),  as  mentioned 
earlier,  although  the  value  for  brain  of  6.0  x  10  meq/ 
gm/min(20)  is  slower  even  than  the  2.5  x  10~^  meq/gm/min 
for  compartment  r. 

In  any  tracer  experiment  involving  serially  placed 
compartments  it  is  interesting  to  know  which  transfer 
is  rate  limiting.  In  this  particular  model  the  rate  of 
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uptake  of  K42  in  x.c  is  influenced  much  more  by  changes 
of  blood  flow  than  changes  of  the  rate  constant.  That 
is,  the  blood  flow  is  the  limiting  factor.  This  is 
shown  by  examining  the  time  curve  of  Cv>c  with  Fv  halved 
and  doubled (Fig.  8),  as  compared  to  Fig.  3a,  3b,  while 
other  flows  remain  constant,  or  by  multiplying  kv_yn 
and  used  in  Fig.  3a,  3b  by  4  and  l/10(Fig.  9). 

The  2  minute  values  for  Qv  under  these  different  condi¬ 
tions  are  given  in  Table  5.  Note  that  the  changes  in 
blood  flow  resulted  in  marked  changes  of  the  Cv>c  curve 
"  as  well  as  the  Ca  curve  and  Qv.  Cv.i  also  changes  in 
the  expected  direction,  but  does  not  contribute  much 
to  Qv .  The  changes  in  the  rate  constants,  on  the  other 
hand,  have  less  effect  on  all  these  values.  Note  that 
Cv>a  changes  in  the  opposite  direction  as  Cv#c  in  Fig.  9, 
and  although  it  contributes  only  a  minor  part  to  Qv,  it 
does  tend  to  keep  Qv  constant  when  kv.in  and  kv>out  are 
altered . 

Changing  the  ratio  of  kx . in  as  would  happen  if 

^x . out 

the  equilibrium  ratio  of  Cx.i  were  changed,  has  the 

cx .  c 

greatest  effect  on  the  organs  with  fast  uptake,  as 
shown  in  Fig.  10  for  i  *  Ca  s  not  significantly 


altered . 
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It  is  also  interesting  to  compare  the  time  curves 
of  C  when  all  blood  flows  are  changed  versus  when  all 

cl 

rate  constants  are  changed(Fig.  11).  Here  again,  the 
time  curve  of  Ca  is  more  violently  altered  by  blood 
flow  variance  than  rate  constant  changes.  The  same 
effects  could  be  observed  by  altering  Vx<a  instead  of 
Fx,  since  Fx  always  appears  in  equations  ( 1 ) — ( 4 )  as 


part  of  the  ratio  ,  or  F  .  As  the  volumes  are 

Vx.i 


V*  ■ 
VX  .  1 


less  variable  and  easier  to  determine  than  flow,  it  is 

more  relevant  to  discuss  changes  in  Ex  in  terms  of 

Vx.i 


Fx  changes. 

These  observations  lead  to  two  conclusions:  l)the 
theoretical  model  cannot  be  used  to  determine  rate 
constants  accurately  for  different  tissues  unless  the 
relative  blood  flows,  or  more  precisely,  the  ratio  Fx 

Vx.i 

are  well  known.  The  validity  of  the  rate  constants 
which  have  been  found  is  suspect,  since  the  blood  flows 
and  interstitial  volumes  were  estimated  with  some  inde¬ 
terminable  inaccuracy,  2)  Walker  and  Wilde's  experiment 
(37),  and  similar  whole  body  tracer  injection  experiments 
which  intended  to  determine  relative  organ  uptake,  have 
not  defined  different  rates  of  cellular  transfer,  but 
have  instead  given  an  index  of  relative  blood  flow  through 
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the  studied  organs.  In  fact,  it  has  been  suggested 
that  injection  be  used  for  measuring  blood  flow(29). 

The  model  now  suggests  better  experimental  methods 
of  finding  rate  constants  for  K  exchange  across  cell 
membranes.  This  model,  if  it  is  correct,  would  give 
good  values  if  each  Fx  were  measured  at  the  time  of 
the  experiment  and  Vx.i  were  known.  The  model  could 
be  simplified  to  one  organ  with  an  isolated,  measured 
blood  flow.  An  easier  approach  than  measuring  flow 
might  be  to  measure  Cx>vej_n  and  thereby  Cx#j_  during  a 
tracer  experiment.  This  would  be  useful  from  a  hepatic 
vein,  renal  vein,  a  vein  draining  muscle,  etc.  Figs.  8 
and  9  show  Cx  ^  is  sensitive  to  changes  in  rate  constants 
as  compared  to  changes  in  blood  flow  in  the  first  3 
minutes.  Therefore  this  would  give  useful  information 
for  determining  rate  constants  even  though  blood  flow 
was  not  known  with  great  accuracy. 

Still  another  method  is  to  maintain  Ca  constant 

for  a  single  organ,  as  explained  by  Conn  and  Robertson ( 6 ) . 

Alternatively,  if  Cx>ve-Ln  was  maintained  constant,  as 

by  a  self regulated  control  system,  then  after  the  first 

minute  necessary  to  fill  Vx .  ,  and  before  significant 

4  2 

K  returned  from  the  cells,  the  amount  put  into  the 
artery  would  be  the  amount  transported  into  the  cells. 
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SUMMARY  AND  CONCLUSIONS 

An  analogue  model  was  devised  to  quantitatively 
describe  r42  kinetics  after  injection  into  a  whole 
animal.  The  model  consists  of  plasma  compartments 
and  four  tissue  interstitial  and  intracellular  compart 
ments.  It  was  used  to  find  rate  constants  for  K 
exchange  across  cell  membranes  in  a  steady  state,  and 
to  demonstrate  the  effect  on  uptake  of  varying 

blood  flows  and  rate  constants.  Whole  body  tracer 
experiments  examined  were  found  to  be  inadequate  to 
determine  relative  or  absolute  K  exchange  rates  in 
different  tissues  because  of  dependence  of  r42  uptake 
on  blood  flow.  Alteration  in  tracer  experiments 
which  might  allow  better  determination  of  exchange 
rates,  were  discussed. 

The  model  in  its  present  state  is  an  attempt  to 
quantitate  theories  of  K  kinetics.  It  is  too  crude 
an  over  simplification  of  the  actual  system,  and  the 
necessary  quantitative  input  is  still  too  inaccurate, 
to  give  highly  significant  output;  also,  it  is  limited 
by  not  applying  in  a  nonsteady  state.  Nevertheless, 
it  is  hoped  the  model  is  able  to  contribute  to  the 
interpretation  and  planning  of  experimental  work. 

In  conclusion,  models  of  physiological  processes- 
through  the  discipline  imposed  by  the  quantitative 
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development--are  perhaps  most  useful  to  their 
originators,  and  are  of  continued  use  only  when 
intertwined  with  experimental  approaches.  Within 
these  limitations,  mathematical  models  are  a 
powerful  aid  in  physiological  research. 
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Fig.  5a.  Concentration  of  K  in  all  interstitial 
compartrae nts .  This  is  from  same  program 
as  Big.-  3b ,  but  has  expanded  time  scale. 
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Table  2.  Bate  constants  for  Figs.  3a, 36-6. 

Caparison  of  theoretical  and  experimental 
K  in  tissues,  at  2  min.  (2.2  min.  on  graohs). 
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Includes  skin;  calculated  by  subtraction  the  sum 
of  the  other  values  from  100.0. 
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Table  3*  Potentiometer  settings 
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Table  5*  Compartment  v^rate  constants,  plasma 
flows,  and  K  quantity  at  2.2  min. 

§ or  all  Figures. 

i  o  r  ■  1  .  - 


Fig.  k 

v  .  in 
( min 

k 

V  .  out 
) 

F  F 

V  co 

(ml/min ) 

Vi 

(%  c 

Q 

^v.  c 

vein . 0 

Q 

V 

ml ) 

3a, 3b, 4a , 

T 

4b, 5a, 5b, 
6 

21.0 

.  2b6  j 

i 

51- 

163. 

40. 

1952. 

1992 

8 (upper ) 

21.0 

.266  | 

25.5 

157.5 

'  23. 

1040. 

IO63 

( lower ) 

21.0 

.266 

102. 

234. 

1  47' 

2820. 

2867 

9 (upper) 

2.10 

.0266  | 

51. 

I83 

|  198. 

1430. 

1645 

( lower ) 

1  84.0 

L06 

51. 

I83.* 

i  28. 

1910. 

*  1938 

’“This  value  should  be  greater  that  the  1952  for 

Figs.  3ai3b.  The  discrepancy  can  be  explained 

by  a  small  error  in  the  drawing  of  C  on  the 

graph.  This  shows,  however,  that  Q  does  not 

increase  greatly  as  k  .  increases. 
c  v.in 


.  ;ai  i 

i.  .  v  ,  .  '  x  .  v 


.Ii 

dd  . 

‘C*  . 

(  .1' 

.  d>rs£  .3’jit 

erid  as  "toi'is  lie 

.  .ev\'.~<::e  axil  .  rfc  ■  rx^ 


BIBLIOGRAPHY 


1.  Bard,  P.  Blood  supply  in  special  regions.  In: 

Medical  Physiology,  ed .  P.  Bard,  11th  edition, 
pT  239-265 ,  C.  V.  Mosby  Company,  St.  Louis,  1961. 

2.  Black,  D.  A.  K.,  Davies,  H.  E.  F.,  Emery,  E.  W. 

The  disposal  of  radioactive  K  injected  intra¬ 
venously.  Lancet.  1:1097,  1955. 

3.  Black,  D.  A.  K.  Essentials  of  Fluid  Balance ,  Alden 

Press,  1957. 

4.  Branson,  H.  The  integral  equation  representation 

of  reactions  in  compartmental  systems.  Ann  NY 
Acad  Sci.  108:  4-14,  1963. 

5.  Code,  C.  F.  ,  et  al.  Validation  of  insorption  by 

blood  analysis  with  comparisons  of  systemic  and 
portal  venous  disappearance  of  D2O,  Na24  and  k42. 
Jour  Appl  Physiology  18(4):  829-833,  1963. 

6.  Conn,  H.  L.  ,  Robertson,  J.  S.  Kinetics  of  K 

transfer  in  the  left  ventricle  of  the  intact  dog. 
Amer.  J.  Phys .  181:  319,  1955. 

7.  Corsa,  L.  et  al.  The  measurement  of  exchangeable 

K  in  man  by  isotope  dilution.  J  Clin  Invest.  29: 
1280,  1 9  5  0  ~. 

8.  Danielson,  B.,  et  al.  A  method  for  continuous 

monitoring  of  the  rapid  uptake  of  ions  by  bio¬ 
logical  systems.  Acta  Physiol  Scand.  59:  349- 

356 ,  Dec . ,  1963 . 

9.  Deane,  N.,  Smith,  H.  W.  The  distribution  of  Na  and 

K  in  Man.  J  Clin  Invest.  31:  197,  1952. 

10.  Edelman,  I.  S.,  Leibman,  J.  Anatomy  of  body  water 

and  electrolytes.  Amer  J.  Med.  27:  256,  1959. 

11.  Fenn,  W.  O.  et  al.  The  exchange  of  radioactive 

K  with  body  K.  Amer  J.  Physiology  135:  149,  1941. 

12.  Ginsburg,  J.  K-exchange  in  rat  tissues.  Federation 

Proc.  11(1)  :  54  ,  1952  . 

13.  --,  Wilde,  W.  S.  r42  studies  of  distribution  in 

'  tissues  of  rats.  Amer  J.  Physiology  179:  63,  1954. 

14.  Gourley,  D.  R.  H.  K  exchange  in  frog  sartorius 

muscle.  Amer  J.  Physiology  206(6):  1340,  1964. 

15.  Gregs,  E.  G.,  An  analog  computer  for  the  generalized 

multi-compartment  model  of  transport  in  biological 
systems.  Ann  NY  Acad  Sci.  108:  128-148,  1963. 

16.  Handbook  of  Chemistry  and  Physics .  The  Chemical 

Rubber  Publishing  Company"^  Cleveland ,  Ohio,  1960. 

17.  Hart,  H.  E.  ed.  Multi-compartment  Analysis  of  tracer 

experiments.  Ann  NY  Acad  Sci.  108:  1-338,  1963. 

18.  Hernandex-Peon ,  R.  In:  Medical  Physiology  and 

Biophysics ,  ed.  Ruch,  Ti  C~.  arid  Fulton,  J.  F., 

18th  edition.  p.873-888,  W.  B.  Saunders  Company, 
Philadelphia  and  London,  1960. 


YHSAHDOIJaiS 


< noxbxb9  rfbXX  ,  bxsa  .3  .  bs  x ypoXoxaYrfq  XBoib9M 
.  X  d  £!  X  ,  axuoJ  .  b3  xYnsqmo3  ydaoM  .V  .3  TcHiS-SCS  75 
.W  .3  ,Y  ,  .**  -3  .H  ,  esivsa  ,  .X  .A  .a  ^osla 

.55^1  vV00X:X  . bsonsJ 

,  sons  Isa  bxxrig  io  a  j'.BibnsaaS  .3  .A  .G  ,  rioaia 

.V56I  ,2291<I 

rL,.ji,jfi929i'J9i  noxbBiipe  XBxpobnx  oriT  .H  ,rtoafi6xa 
. amebaya  XBbH9nibx£qnioo  nx  2noij-DB9i  do 
.  ^X-£  :80C  .  xo3  bfioA 

■'::  noxicxoe;ii  Xo  no xbBbxiBV  .Xb  je  ,  .3  .3  ,9bo3 
yaBr  ^Xnrebaya  Xo  anoaxxBqmoo  fiiiw  axayXBns  booid 
' "  A  ^bM  ,0SG  Xo  sonBXBoqqBaxb  auonsv  XBbxoq 

:  ( ^ ) 3 X  YpoXoxayrfq  XaqA  iuol 
~2  .  3  *  noabxsdoH  ,  .  J  .H  ,nno3 
rob  boBbnx  erid  Xc  sXoxxdxsv  dXsX  arid  ni  xeXanBxd 

:X8X  ,  ayrfq  .3  .  xsmA 

9ldBepn5riox9  lo  in9ni9iusfi9ffl  sriT  .Xb  d9  .J  t6axo3 

.  noxdxrXxb  sqodoax  yd  asm  ni  X 


.o eex  , o 8£x 

auounxdnoo  ioX  boridsm  A  .Xb  be  ,  .a  ,nosiexn£a 

snob  io  sriBdqxi  bxqBx  9rib  Xo  pnxxodxnoni 

. amsdaya  XsoxpoX 

.8sex  , .090  ,02£ 

Jjn£  Xo  noxdndxxdax.3  srfT  .W  .  ..  , rid  x  m2  ,  .  .sriBsG 

.£xex  *V£X  : X £  . dasvril  nxX3  L  . hbM  ni  3 
xsdsv  ybod  Xo  ymodsnA  .3  .nB/ndxsJ  ,.8.  .X  ,nBmXsb3 
c  '  --  •  X  .  bsi  .'j  xsrnA  .  asdvXoxdosXs  bnB 

epn.erioxs  sriT  .Xb  be  .0  .W  ,nns3 


.  i-  X  i  X  »  (i  £  X 
noxbBx.st98 


Ypol ox  ay-rig  .1,  xsjtiA  .3  ybod  ridxw  X 

:  si  rtx  9pnBxiox9-Ji  .L  ^pxndanxD 

.  oox3 


.3  .  W  AsbXxW 
.  sdfix  Xo  asxraaxb 

•  H  .  H  .0  xy9XTxroD 

•  L  ismA  .3lz)-sum 

.  o.  ^  3 psx3 
nerab  x  b  qmoo  -  x  b  X  jjm 


i ix  aoxbudx'ibExb  Xo  aeibnda 
^3€X  ,  £d  :8VX  vpoXoxayriq  .3  xsmA 

snxxodxBS  poxX  ix  epnarioxs  X 

:  (3) 80S  ypoXolayrig 

ssxiBxenep  silb  xoX  xedjjqmoo  poXsnB 

xpoXoxd  ni  dxoqariBxd  Xo  Xebom 

^I^oxxiexr  eri .  .  a  ox  xv  rig  i:nB  yxdaxmerf3  Xo  rioodbnBH 

_!  ,  oxnC  tbnBXsv©X3  ,  ynsq/nob  pniriaxldxig  xeddi/H 

xayXsnA  bns  ibxBqmro-xbXx/I :  .b9  .3  .H  ,bxsH 

-OX  .xo3  oboA  YH  nnA  .  abnenixxsqxs 

’ 

, YrBqmo3  axsbrrusS  .8  .W  ,88  8-£V8,q  . noxbxbs  rib8I 

• OOei  * nobnoJ  bnB  BxriqlsbBXxrig 


.X 

.£ 

.5 


.a 

.  v 

.8 


.e 

.ox 


.  £X 


.  £1 

.3X 

.ax 
.  vx 

.  8X 


19.  Hope,  A.  B.  Ionic  relations  of  cells  of  Chara 

australis  .  Australian  J  Biol.  Sci.  16(2): 

429,  1963. 

20.  Katxman,  R. ,  Leiderman,  P.  H.  Amer  J.  Physiology 

175:  263,  1953. 

21.  Krebs,  H.  A.  etal .  In  vitro  measurements  of  the 

turnover  rate  of  K  in  brain  and  retina.  Biochem. 

J.  48:  530,  1951. 

22.  Landahl ,  H.  D.  Some  mathematical  aspects  of  multi¬ 

compartment  analysis  of  tracer  experiments.  Ann 
NY  Acad  Sci.  108;  331-333,  1963. 

23. '  Lawson,  H.  C.  The  volume  of  blood-A  critical  exam¬ 

ination  of  methods  for  its  measurement.  In:  Hand¬ 
book  of  Physiology:  Circulation  Vol.  I,  Sec.  II. 
American  Physiological  Society,  Washington,  D.  C.  , 

1962  . 

25.  MacIntyre,  W.  J.  Disappearance  of  radioactive  tracers. 

Circulation  Res.  3:  14,  1955. 

26.  Maswell,  Morton,  H.  Clinical  Disorders  of  Fluid  and 

Electrolyte  Composition ,  1962. 

27.  Merrell,  M. ,  et  al .  Studies  on  rates  of  exchange  of 

substances  between  the  blood  and  extravascular 
fluid.  J.  Biol  Chen.  153:  83,  1944. 

28.  O'Meara,  M.  P.  et  al.  The  equilibration  of  Na^  , 

f  and  £>20  in  hydropic  human  subjects.  J.  Clin 
Invest.  36:  787,  1957. 

29.  Pace,  W.  H.  An  analog  computer  model  for  the  study 

of  water  and  electrolyte  flows  in  the  extracellular 
and  intracellular  fluids.  IRE  Transactions  on  Bio- 
Medical  Electronics.  8:  29-33,  Jan.  1961. 

30.  Riggs,  D.  S.  The  Mathematical  Approach  to  Physiolog¬ 

ical  Problems .  The  Williams  and  Wilkins  Company, 
Baltimore,  1963. 

31.  Robertson,  J.  S.  Mathematical  treatment  of  uptake 

and  release  of  indicator  substances  in  relation  to 
flow  analysis  in  tissues  and  organs.  In:  Handbook 
of  Physiology:  Circulation  Vol.  I,  Sec.  II,  p.  617- 
643.  American  Physiological  Society,  Washington,  D.  C. 
1962  . 

32.  Robertson,  J.  S.,  Cohn,  S.  H.  Use  of  an  analog 

computer  in  studies  of  strontium  and  calcium 
metabolism  in  man.  Ann  NY  Acad  Sci.  Vol.  108:  122, 
1963. 

33.  Sjodin,  R.  A.,  Hendersen,  E.  G.  Tracer  and  non-tracer 

K  fluxes  in  frog  sartorius  muscle  and  kinetics  of 
net  K  movement.  J.  Gen  Physiology  47(4):  605-638, 

1964  . 

34.  Skinner  S.  M.  et  al.  Complete  solution  of  the  three- 

compartment  model  in  steady  state  after  single 
injection  of  radioactive  tracer.  Amer  J.  Physio¬ 
logy  196:  238-244,  1959. 


exsiIO  3:0  a  Lie  o  do  enoi.^£l9i  oinol  .a  .A  ,sgoH 
iTsTil  .  i. c 3  .loxS  L  nEXXsxdanA  . 

.£861  vf£* 

vnnl:1,  i  i*  u  '5  .  L  "lornA  ..HE  . x  fiBflixsbxSi.;  ,  .  >1  ,  n.Bfn.v  jE.x 

,££GI  ,£32  :£VX 

arid-  3tc  abnofiiexxrafiBffi  oxdxv  ni  .  XBbe  .A  . I-  Xscfsx/i 
! ia  .s;iiJ-9i  bnfi  nisrd  nx  d  bo  sdsx  -xsvonon  .' 

.  £ •: C  x  ,0£3  :  8f»  •  .L. 

-xdXfijm  iio  adosqas  XBDxdBmsfibBm  smo3  .Cf  .H  ,  IxiBbrtBJ 
•  nr  A  gjr:  Bxixsqxs  risoBxd  do  axaYXsnE  dm  mdxBqmao 
.£dPX  ,  £££-X££  ^  8-0  J.  -xo3  b*oA  YW 

•;  sxs  I  bo i dine  A~booXdb  do  sim/lov  oriT  .0.  .H  > no 
-brusH  ’  a  I  .dnsmsxiJaBSflz  six  xod  abpfesro  do  noxbBni 

>V  noxbslnoxx:)  :Y 

^  J  .  c  ,  nc:1  .'Xxrlas'V  ,  Ydsxoo8  Xb  0 1  p  c  I  ox  a  yd  CI  ixo.n':: .  ■. 

.saex 


•;.ocxx.J  - vlbOBorbBX  do  9onBXB9qq  68x3  .L  .  V-  , sxqdnHosM 

.aeex  ,  frl  :'£  .c  idsXuoxxD 

bnfi’bxull  do  axebxoaxti  XeoxnxXD  .H  , nob xoM  vXX©wa£K 


... 


X  2  3  H X'  ,  n o x b x eog/noD  ©dyloxdpeXa 

©pnedoxfe 

•SB  /  .6 x  b  x  o  bn s  b  o  o  X  d 

.  &  £  €  X  ^  £  8  : £  £  X 

‘eM  io  noxdB'xdXXxnp©  ©riT 


XfillB 


©rid 


n©9Wd9d 
.  narlD  XoxS 
.  Xb  be  .a 


ssonsdsdua 
.L  .  bxx/Xd 
.M  ,bxbsM'0 


■  rd.ua  nBfnyrf  oxqoxbyri  nx  DcQ  bns 


2i-7 


. Vbex  ,£8\  : o  £  .basvnl 

yXxj  a  arid  nob  I  ©bora  nednqmoo  poXsns  nA.  .  .H  .W  x3ob2 

xbX'  XXsoBndx©  erJJ  nx  awoJld  ©dyXonbooX©  bns  3*dEw  dp 
-ox3  no  anoidcconsiT  SHI  .  abxnld  xsIi/Hs'OBXbnx  bns 
aI3ei  ..  rf.Bb  ,  ££-62  :8  .  aoxnoxdosXl  XsolbeM 

--poIoxayfi3  qb  flOBonggA  iBoidfijnsridsM  ©ril  .8  -3  xappX5I 

,  ynnqxoD  anxatX x  f  bine  aflUBxXXi  srfT  .  amoIooxA  Xbox 


©bBbqn  do  bnsmdBsnb  X  s  o  x  b s/ned d bM  ,.3  .  b  ^noadnedob 

od  noxdBisx  nx  onfidsdns  ttodBoibni.  xc  ©aseXen.  bnfc 

j  no  bns  asnaaxd  ni  axafUsnfi 
- VXc  .cr  ,  II  .osS  ,1  .  XoV  noxdcXnoxxO  : vpoloxayrfa  do 
.Q  .  nodpni.XsBV*  .  yd©xoo3  XBodpoXoisyd^  nBOXXbmA 

.saex 


.H  .  3  v ndoD  ,  .-3  .b  ,noadx©do3 

raxrxolBo  bns  mixldnoxda  do  asxbnda  nx  x-oduqjcoo 
££X  ;  80X  .XoV  .xo3  bsoA  YK  nnA  .npm  ni  maiXodBde.nr 

.£dex 

do  8oids:iXX  bns  sXosnm  ax/xxodxea  pond  rii.  abxxfXd  A 
,  8 £ 8 - 5 0  5  :  ( X  )  V  ^  ypoXoxayrX3  nsD  .  I-  .dnonrsvom  ^  dsn 

.  I'oGi 

-ssxrid  srid  do  noxdnXoa  odsXqnre’X  .Xb  d©  .n  .3  xsr  nixc 

-ox ayria  . L  xsmA  . xso £xd  ©vxdoBoibfix  do  noxdo9tfl-i: 

.G36X  ,^^£-8££  :dGX  ypoX 


.GX 

.02 

.XS 


.  £2 


.£2 
.32 
.  V2 


.82 


.X£ 


.  2£ 


.££ 


.££ 


35. 


Strong,  J.  D.,  Aronson,  M.  A  practical  approach  to 
analog  computers.  Instruments  and  Control  Systems. 
35:  60,  Aug,  1962. 

36.  VanLeeuwen,  A.  M.  Net  Cation  Equivalency (base  bind¬ 

ing  power)  of  the  plasma  proteins.  Acta  Med 
Scandanavica  Supplementum  422,  1964. 

37.  Walker,  W.  G.,  Wilde,  W.  S.  Kinetics  of  radio¬ 

potassium  in  the  circulation.  Amer.  J.  Physiology 
170:  401,  1952. 

38.  Woodbury.  J.  W.  The  cell  membrane?  ionic  and 

potential  gradients  and  active  transport.  In: 
Medical  Physiology  and  Biophysics ,  ed.  Ruch ,  T.  C. 
and  Fulton,  J.  F.  18th  edition,  p.  2-30. 

W.  B.  Saunders  Company,  Philadelphia  and  London, 
1960. 

39.  Zilversmit,  D.  B.,  Shore,  M.  L.  A  hydrodynamic  model 

of  isotope  distribution  in  living  organisms. 
Nucleonics,  10(10):  32-34,  1952. 

40.  Pappenheimer ,  J.  R.  Passage  of  molecules  through 

capillary  walls.  Physiology  rev.  33:  387,  1953. 


!iC,6°'-£qqB  iBoxdoBiq  A  ,M  ^noanoxA  ,  .Cl  .L  , pnoxd3  ,g£ 
5nr>  adnsmuxda/tl  . axsduqmoo  poXBns 

r.  •  ...  r,  .....  .  .£3e,[  ,puA  ,0’d  ?5£ 

f ’ 2 r>d)  YDne .. svxupa  noxdBD  .A  .a  vn0wi/a©JnBV  .dZ 
h:‘ :j L-  • jnxsdoxq  smac;Iq  odd  do  (xswocr  pnx 

.IdZL  ,££*  raudfieflieJqci.rS  BDivsfixb-rrsoa 
?x  'f:a  aoxisii^  .2  i.i-  ,,£>  .w  , xodleW  .V£ 

•  a-;;  . noxdsluoxxo  oxiiKdi  ,  miJxsaBd&q. 

•  S26I  ,10*  OVT  V  l 
rub  oxnox  $onBxdm@m  I  Iso  eilT  .W  .L  .  yxudbooW  8£ 
i;nT  _  -dxoqartBxd  svxdbs  bns  -.dnsxbBxp  XBxdnsdoq 
,  j  'jisK .  .  ,oe  „  aq  ja  :/dqoi;g  briB  y  go X  ox  a  grid  XEoibsK 

* "  “::.  -  q  noidibe  nrd8X . ~q  .  l  ^noilirTTad 

' nobnoJ  bus  BxdqJei^Blxrig  ,vnsqmoD  axsbaxrsa  .9  .W 

.ode  i 

3ijOH!  ^x;  .Bnvboxbvn  A  .J  .  M  ,  sxoriS  ,  .a  .Cl  ,dxmax9vXxS  .G£ 
a.  ;r.;.rrfT xic  yn.LV.rl  .u  aoi.d ;.rcxxd8xb  oqodcv-i  do 

:  (OX)  OX  ,  aoxiios  . 

apxo.i'.tj  asluoaiom  do  sp^aa Bd  .H  .L  ,  xsfliXBrfnoqqsd  . 0* 
:££  .vsi  YPoIoxaydq  .aIXfiv  vxBllxqxo 


YALE  MEDICAL  LIBRARY 


Manuscript  Theses 


Unpublished  theses  submitted  for  the  Master's  and  Doctor's  degrees  and 
deposited  in  the  Yale  Medical  Library  are  to  be  used  only  with  due  regard  to  the 
rights  of  the  authors.  Bibliographical  references  may  be  noted,  but  passages 
must  not  be  copied  without  permission  of  the  authors,  and  without  proper  credit 
being  given  in  subsequent  written  or  published  work. 

This  thesis  by  has  been 

used  by  the  following  persons,  whose  signatures  attest  their  acceptance  of  the 
above  restrictions. 


NAME  AND  ADDRESS 


DATE 


**»>  *V»i .  -  f if  ••  <? 


